605039 


Under  appropriate  conditions,  t no  Predholn  aquation 

T 

u(x)  ♦  o(x)  ♦  */K(x.  y)  u(y)dy  •  0 

a 

nay  bo  retarded  a a  the  ext renal  equation  for  the  quadra tie 

functional  ^  T  T  ^ 

J(u)  «/u*(x)  ♦  £^u(x)r(x)dx  ♦  yy  I(x,y)u(y)dxdy. 

a  *  a  a 

Regardlnc  the  nlnlaun  of  J(u)  aa  a  functional  of  v(x)  and  a 
function  of  a,  and  uelnc  the  theory  of  itynanl  i  prograMlng ,  la 

Proe.  Hat.  dead.  ftel.,  Pol  *1(19*5).  P»  51-3*. 

% 

ee  obtain  an  lntecro-dlf ferontlal  equation  for  the  Predholn 
re solvent  of  the  llaoar  lntetral  equation. 


1QPATMH8  EM  TKI  TRMRT  OF  DTMAMXC 
AM  ZVTBOJIO-OTFVramAL  SQCA7IQM  FOR  TUB 


•1.  Introduction. 

Lot  K(z.  y)  Mo  a  ijwtrle  karoo  1 
in  both  oarlabloa  In  thla 


r  tho  toon  0  <  x*y  < 
.  with  tho  addition*! 


prop orty  that  M(x,  y)  u<x)  u(y)dx  dy  4*  io 


ltlro— doflnlto. 


tho 


lntocrol  aquation 


(1) 


u(x)  ♦  r(x)  ♦  /!(*,  y)  u(y)  dy  -  0.  0  ^  _  T, 


hu  a  uni  quo  aolutlon  for  any  function  v(i)  oontlnuoua  for 

a  <  x  <  T.  THlo  solution  nay  bo  roproooatod  in  tho  forn 

T 

(t)  u(x)  -  -r(x)  ♦  /«(x,  y,  a)  r<y)  dy. 

a 


Lot  ua  call  tho  inrMl  Q(x,  y,  a)  tho  Frodtanln  roaolront . 

Tho  purpoao  of  this  onto  ia  to  ahov  that  Q(x«  y,  a) 

aatiaflaa  tho  Ml  eon  *-l— typo  Lntocro  Alfforontlal  aquation 

T 


#<*•  f'**  -  [  -*<h#x)  ♦  /  Q<x,  •l#  a)M(a#  a^dXj  *] 

(3)  a  T 

[  -*<d#  f)  ♦  /  *(f»  >r  a)M(a.  a«)day  ] 
a 

It  la  poaolblo  that  thla  ra la t ion  nay  bo  of  aoan  canputatlonal 


not  dlaouaa  thla 


equation  technique  of  the  theory  of  dynamic 

m.  i3i. 


o 2 .  k  quadratic  Functional . 

Consider  the  quadratic  functional 

T  T  T  T 

(1)  J(«)  -/u2(a)da  ♦  2  /  u(*)t(*)1ji  ♦  /,/  Mx»y)u(*)u(y)dxdjr, 

a  a  a  a 

0  •  _  ?#  where  K ( x,  y)  and  »(x)  aatlafy  the  conditions 

described  In  the  first  section.  Tnm  ilniaus  of  J(u)  ewer  al\ 

functions  u(x)  which  are  continuous  in  a  <  a  <  T  exists  and 

Is  aaruaed  by  the  solution  of  the  Predhela  Integral  equatien 

T 

(2)  u(a)  ♦  v<a)  ♦  /I(i,  y)  u(y)  dy  -  0. 

s 

Utlllxlnf  the  rep re een tat lan  for  u(x)  clean  In  (1.2),  «o 
naee  T  T 

(3)  mu  J(u)  •  ,/(  u(a)  ♦  w(a)  ♦/!(*,  y)u(y)dy)  u(x)la 

u 

♦  */ »(a)w(a)da 

a 

T  T  T 

-  -J**2(*) da  7.  •)  r(x)  *(j)  da  dy. 

a  a  a 

Let  ua  oali  this  new  functional,  which  depends  upon  v(a) 
and  a#  f(  e(a),  a).  THws 

(M  f(  w(a),  a)  -  Min  J(u). 

w 


i 


Mw 
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J3 •  Functional  &iuatlana  . 

Uoln*  th#  fact  that  f(  ▼(*),  a)  la  laflnad  aa  a  alnlmm 
of  a  functional,  lot  ua  oaqploy  tha  functional  aquation  technique 
of  dynaals  progri—1 ng  to  derive  a  f  inn  r  1  aia  aquation  for 
f(  v(x) ,  a).  TMa  technique,  a a  applied  to  Integral  equations , 
wae  scotched  In  £jj  . 

Lot  ua  write,  for  a  <  a  ♦  a  <,  ?, 

a4§  a>a  a+a  T 

(1)  J(u)  •/  u2(x)dx  ♦  2/u  (x)r(x)d*  ♦  ?/  y*  l(x,y)u(x)u(y)4Ddy 

a  a  a  a 

T  T  T  r 

♦  /  u2(*)<u  4  ?/u(x)T(x)di  +J  yl(itj)v(x)u(j)€xAj 

a4-a  a+s  a+e  a4a 

*4-1  a+a 

4  f  y  K(x,y)u(x)u(y)dx  dy. 

a  a 

Lot  u(x)  bo  tha  artronal  function,  which  wo  know  to  bo 
continuous  aa  a  function  of  x  In  a  <  x  (  T,  aa  a  function  of 
a  for  0  <;  a  \  T,  and  aa  a  function  af  v(x).  For  eau.il  a,  wo 
nay  writ# 

T 

(2)  J(u)  -  a  ^  u2(a)  ♦  2u(a)v(a)  4  2u(a)  /*  K(a, y)u(y)dy 

a 

T  T 

*  vi*(x)dx  4  2j*  u(*)v(*)4x 

a>e  a*  a 

T  T 

♦//  *(**y)  u(x)  w(y)  Ax  dy  4  o(  a) , 


|4«  e*a 


Khere  the  remainder  tarsi  is  unlforo  for  jv(x)  |  £  ,  0  x  ^  T, 

Oi»lT. 

Let  us  rswrlta  this 

(3)  J(u)  -  s[u2(s)  ♦  2u(a)r(a)]  ♦  /  u2(x)4x 


♦  2/  u(x)  [  *(x)  ♦  su(a)k(a»  x)  ]dx 

a+s 

T  T 

♦  /  ,/K(x,  y)  u(»)  u(y)  4i  dy  ♦  0(b) 

S4-S  S*  B 


Employing  t hm  prlnelpls  of  optimality.  vs  s««  that  for  u(x). 
th#  axtrsaal  function,  vs  Bust  bars  * 

(*)  J(w)  •  •[^a(»)  ♦  2u(a)*(a)|  ♦  f(u(x)  ♦  s  u(a)  k(a.x),  a  ♦ 

Hsnos 

(5)  f(r,  a)  -  mn  J( u) 

u 

•  Pf  f  »  [  u2(a)  ♦  ?u(a) v(a) j 
u(a)  L 

♦  f(  u(x)  ♦  su(a)  K(a.  x),  a  ♦  s) J  ♦  o(s) 

Sines  f(r,  a)  is  clsarl/  a  dlffbrontiabla  function  of  s(x) 
and  a,  as  vs  sss  upon  referring  to  (3. 3)#  «•  oay  obtain  an 
lntsgr<v~diffsrsntlal  equation  for  f  upon  lotting  a  — >  4-0 . 


Lat  ua  de/lnc 


(b)  l(  .(*), .)  -  u.  a  ♦.  viiih.  *1  zji  . 

^•n  tha  limiting  form  of  (t>)  la 

(-)  0  -  Hln  u2(»)  ♦  ?u(.)  »(»)  ♦  u(i)  L  (  It*,  x),  *) 

u(.)  i 


TVi«  minimum  it  afliumad  it 

(8)  u(i)  •  -v(a)  -  L(  l  (a,  x),  a)/2  , 
ylildlng  tha  raiatlon 

(9)  ▼(»)  ♦  L(  K*.  *),  *)/2  )?- 


Thi  Form  of  L(  11(g),  1). 

Lat  ua  now  cowputa  L(  w(x),  a).  Va  hmaa 

(1)  ♦  •*»(*),  a)  -  -^/^(x) dx  -  ?a,/v(x)  w(x)dm 

a  a 


r  t 

♦  /Vq(»#  7.  •)  *U)  v(y)  dm  dy 

a  a 

*  T  T 

♦  ?»y/c(x,  y,  a)  t(x)»(x)<1ji  dy  ♦  o(a). 

a  a 


Hanea 

(2) 


T  T  T 

U  »(*)»  •)  m  -2  /  *(*)  "(*)<**  ♦  ?//Q(x,  y,  a)w(x)w(y)dx  dy. 

a  a  a 


*-8 
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Tynxa  >f  Y  T 

(3)  L(K(*#x),«)  -  -? /r(x)I(a#x)dx  ♦  2/y  Q(x,y,a)e(x)K(a.y)4x*y. 

a  a  a 

5.  The  Functional  tquatlon  for  iLii  h  «)• 

The  equation  of  (3-9)  thon  takas  the  fom 


(1) 


T  T 


-  "‘(a)  T 

-  y(a)  [-2/t(i)I(a#x)dx  ♦  2^/y  Q(x#y#aMx)lU#y)4®Ayj 


a  a 

T  T 


?  T  T  2 

♦  f-  '  -2/  ▼(x)K(a,x)dx  ♦  2yy  Q(x.y,a)e(x)l(a,j)dxdjrj 


a  a 


T  T 

-  e?(e)  -  2e( a)  f"/T(i)|>-a(a,x)  ♦  2/Q(ij,a)I(»,7)ij} 

-] 

♦  *//  ▼(x1)e(x?)  -^(a.Xj)  ♦  2/Q(x1#  J1#a)E(a#y1)dJ1  j 


a  a 


-aKa.x,)  ♦  2i/,Q(x?#y2.a)I(a.y2)dy2j4x1dx; 


On  the  other  hand,  using  the  expression  for  f(»,  a)  (1  eon  in 

(2.3)#  »•  have 


T 

(2)  ij  -  -  e2(a)  -  2v(a),/Q(a,  y.  a)  *(y)dy 

1 

A 


Iquatin*  coefficients,  we  obtain  tht  two  relations 

T 

(3)  r>,  y,  s)  -  -2  K(s,  j)  ♦  2/Q(y,  *,  s)  K(s,  *)  ds, 

s 

and 


(M 


T 

^^s*  *)  ♦t/Q(x.  •)  M*. 

s 


T 

|  -  K(a,  y)  ♦l/i(y.  t2,  s)  K(a,  s2)di2J  , 

t 


for  a  £  i,  y  ^  T. 

This  completes  the  proof. 


Blbllograpnj 


ft 


*-859 


1.  R .  Bellaan,  Th«  Thoory  of  Dynamic  Programing,  Bull.  kmmr. 

Hath,  5oc . ,  rol  60(195*).  pp  503-16. 

2.  _ ,  functional  Equations  in  th«  TTioory  of  Dynamic 

Programing — I,  function!  of  Points  and  Point 
Trans format ions,  Trsns.  iaor.  Nath.  8oc.# 

vol.  80(1955).  pp  55 -"1 

3-  _ ,  Djmaaic  fi'mriwln  ud  a  Raw  ForwIlH  In  tha 

rh«ry  of  Int.tr*;  Equation*,  froc .  Mat.  .call 

*»!..  v.i  »i(’955).  pp  31-J» 


